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Out line 
An implicit, two-factor, split flux, finite volume Euler equations solution 
algorithm is applied to the time-accurate sdlution of transonic flow about an 
NACA0012 airfoil and a rectangular planform supercritical wing undergoing pitch 
oscillations. Accuracy for Courant numbers greater than one is analyzed. Freezing 
the flux Jacobians can result in significant savings for steady-state solutions; the 
accuracy of freezing flux Jacobians for unsteady results is investigated. The Euler 
algorithm results are compared with experimedtal results for an NACA 0012 and a 
rectangular planform supercritical wing (Figure 1). 
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Three Dimensional Euler Equations 
The Euler equations model inviscid flow with entropy and vorticity being gener- 
ated by shocks. 
effects be included. One advantage of the Euler equations solution algorithm is that 
,it is easily extended to include viscous effects. 
Many unsteady flows of practical interest require that viscous 
. The three-dimensional time-dependent Euler equations in conservation form are 
written in a general time-dependent boundary conforming curvilinear coordinate 
system. 
that can follow the motion of the body (Figure 2 ) .  
tion are given in Reference 1. 
This time-dependent coordinate transformation provides for a dynamic grid 
The details of this transforma- 
wh er e 




An implicit split flux finite volume solution algorithm for the Euler equations 
is obtained. Flux Jacobians with superscript L correspond to information 
propagating in the positive curvilinear coordinate direction, and flux Jacobians 
with superscript R correspond to information propagating in the negative curvilinear 
coordinate direction. The equation is then factored into two factors as discussed 
by Whitfield in Reference 2. The first equation of the two-pass scheme requires the 
solution of a sparse lower block triangular system by a simple forward 
substitution, while the second equation requires the solution of a sparse upper 
block triangular system by a simple backward substitution. 
This algorithm is firstiorder accurate in time and second order accurate in 
space. A simple modification to use three point backward time differencing will 
result in second order time-accurac,y (Figure 3 ) .  
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NACAOO 
ORIGINAL PAGE IS 
2 221 x 20 'C' Grid OF POOR QUALITY 
A l l  o f  the  Euler  computations f o r  the NACA0012 a i r f o i l  used the 221 x 20 'C' 
a l g e b r a i c  g r i d  shown below. 
generat ion code (Reference 3 ) .  See Figure 4 .  
The g r i d  was generated us ing  Joe Thompson's g r i d  
NACA0012 221 x 20 'C' GRID 
Figure 4 
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NACA0012 L i f t  C o e f f i c i e n t s  
C a l c u l a t i o n s  were made f o r  a NACA0012 a i r f o i l  a t  Mach = 0.755 o s c i l l a t i n g  i n  
p i t c h  about  t h e  1 / 4  chord p o i n t  w i th  a reduced frequency of k = b c / V  ) = 0.1628. 
The a i r f o i l  had a mean a n g l e  of a t t a c k  = 0.016 degrees  and an unsteady a l p h a  = 2.51 
degrees .  Steady s t a t e  s o l u t i o n s  were ob ta ined  a t  t h e  mean c o n d i t i o n s  p r i o r  t o  an 
a b r u p t  s t a r t  of t h e  o s c i l l a t o r y  motion. The c a l c u l a t i o n s  were performed f o r  f o u r  
comple t e  c y c l e s  of motion. 
t h r e e  d i f f e r e n t  t i m e  s t ep  s i z e s .  D T M I N  = 0.01 gave  5000 time s t e p s  p e r  c y c l e  of 
motion and corresponds t o  a maximum Courant number of 10. D T M I N  = 0.10 was 500 t i m e  
s t e p s  per  c y c l e  of motion and corresponds t o  a maximum Courant number of 100. D T M I N  
= 0.20 w a s  250 t i m e  s t e p s  p e r  c y c l e  of motion and corresponds t o  a maximum Courant 
number of 200. L i f t  c o e f f i c i e n t s  were o n l y  s l i g h t l y  d i f f e r e n t  f o r  t h e  v a r i o u s  t i m e  
s t e p  s i z e s  ( F i g u r e  5). 
The f i g u r e  below shows l i f t  c o e f f i c i e n t  v s  t i m e  f o r  
Y.O.755, t=0.1628. MEAN ALPEA=0.016, UNSTEADY ALPBA=2.51 
221x20 ALGEBRAIC 'C'.CRID 
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NACA0012 Unsteady P r e s s u r e  D i s t r i b u t i o n s  
340" of O s c i l l a t o r y  Motion 
A f t e r  340" of o s c i l l a t o r y  motion, t h e  a n g l e  of a t t a c k  i s  i n c r e a s i n g  through 
-0.84 degrees,. A shock has  formed on t h e  lower s u r f a c e  n e a r  t h e  44% chord l o c a t i o n .  
A t  t h i s  p o i n t  i n  t h e  motion, t h e  shock is  n e a r l y  s t a t i o n a r y  and of maximum s t r e n g t h .  
The f i g u r e  below shows t h e  c o e f f i c i e n t  of p r e s s u r e  d i s t r i b u t i o n  a l o n g  t h e  a i r f o i l .  
C a l c u l a t i o n s  were done u s i n g  both f i r s t  and second o r d e r  t ime-accurate  d i f f e r e n c i n g  
and v a r i o u s  t i m e  s t e p  s i z e s .  The r e s u l t s  show t h a t  a l l  t h e  methods are n e a r l y  
e q u i v a l e n t  €or  t h i s  case ( F i g u r e  6) .  
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NACA0012 Unsteady P r e s s u r e  D i s t r i b u t i o n s  
25" of  O s c i l l a t o r y  Motion 
I I I I I I I I I 
* 5810 0 . 2  0 . 4  0 . 0  1 . 0  
S h o r t l y  a f t e r  t h e  next  c y c l e  of motion beg ins ,  t h e  shock on t h e  lower s u r f a c e  
s t a r t s  t o  c o l l a p s e  and move forward. As t h e  a n g l e  of a t t a c k  i n c r e a s e s  through 
1.09", t h e  shock speed becomes maximum. The f i g u r e  below shows c o e f f i c i e n t  of  
p r e s s u r e  a l o n g  t h e  a i r f o i l  f o r  f i r s t  and second o r d e r  d i f f e r e n c i n g  and t h e  same t i m e  
s t e p  s i z e s  as i n  F i g u r e  5. Very l i t t l e  d i f f e r e n c e  i s  observed between f i r s t  and 
second o r d e r  s o l u t i o n s ,  but c o n s i d e r a b l e  d i f f e r e n c e  i n  t h e  shock l o c a t i o n  is  no ted  
f o r  d i f f e r e n t  t i m e  s t e p  s i z e s .  However, as noted p r e v i o u s l y ,  t h e  d i f f e r e n c e  i n  l i f t  
c o e f f i c i e n t  i s  r e l a t i v e l y  small (F igu re  7). 
Y.0.755, Unsteady Alphr=2.51, Yern Alpba=O~.Ol6. k=0.1628, 221x20 'C' C r i d  
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Shock Locat ion 
Defining the  shock l o c a t i o n  as  the  a x i a l  l o c a t i o n  where t h e  pressure  c o e f f i c i e n t  
e q u a l s  t he  c r i t i c a l  p ressure  ( fo r  Mach = 0.755, Cp* = -0.51431, the  f i g u r e  below 
shows shock l o c a t i o n  g iven  a t  d i f f e r e n t  time s t e p  s i zes .  The f i g u r e  shows t h a t  t he  
shock l o c a t i o n  appears asymptotic t o  a v a l u e  as t he  time s t e p  decreases.  This 
i n d i c a t e s  t h a t  reduct ion  of t he  time s t e p  s i z e  below 0.01 should not be expected t o  
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F r e e z i n g  t h e  F l u x  Jacob ians  f o r  Steady S t a t e  Condit ions 
The i m p l i c i t  e q u a t i o n s  t o  be s o l v e d  have t h e  f l u x  Jacob ians  as c o e f f i c i e n t s .  
S i n c e  t h e  f l u x  Jacob ians ,  AL, AR, BL, etc., 
Q, t hey  s h o u l d  be updated a t  each t i m e  s t ep .  However, D. L. W h i t f i e l d  h a s  shown 
s t e a d y  c a l c u l a t i o n s  i n  which he  d i d  no t  update  ( f r o z e )  t h e  Jacob ians  and a t  
convergence ob ta ined  i d e n t i c a l  r e s u l t s  w i t h  c a l c u l a t i o n s  updat ing t h e  Jacob ians  each 
t i m e  s t e p .  The t a b l e  below shows t h e  obv ious  computat ional  s a v i n g s  by no t  do ing  the 
e x t r a  c a l c u l a t i o n s  each t i m e  s t e p  ( F i g u r e  9) .  
a r e  f u n c t i o n s  of t h e  c u r r e n t  v a l u e s  of 
(8  BLOCK F I N N E D  BODY CALCULATION) 
F i g u r e  9 
F r e e z i n g  t h e  Flux Jacob ians  f o r  Unsteady C a l c u l a t i o n s  
JACOBIAN UPDATE CPU SEC 
.- STEPS CPU SEC P O m E P S  PERCENT 
The e f f e c t  of f r e e z i n g  t h e  Jacob ians  f o r  unsteady c a l c u l a t i o n s  were s t u d i e d  
u s i n g  t h e  o s c i l l a t o r y  NACA0012 as t h e  t es t  case.  The c o n d i t i o n s  t e s t e d  were t h e  
same as p r e v i o u s l y  shown. The t a b l e  below a g a i n  shows t h e  obvious s a v i n g s  from 
u p d a t i n g  e v e r y  1 0 t h  s t e p  (which e q u a t e s  t o  3.6" of o s c i l l a t o r y  motion) and f o r  
n e v e r  upda t ing  t h e  Jacobians.  The c a s e  l i s t e d  as n e v e r  updated used Jacob ians  from 
t h e  s t e a d y  s t a t e  c o n d i t i o n  j u s t  p r i o r  t o  s t a r t  of motion. Other c a s e s  t r i e d  were 
Jacob ians  from t h e  f r e e s t r e a m  s t a r t i n g  c o n d i t i o n s ,  upda t ing  e v e r y  25th s t e p  and 
upda t ing  e v e r y  50 th  s t e p .  Each of t h e s e  r e s u l t e d  i n  s t a b i l i t y  problems ( F i g u r e  10) .  
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E f f e c t  of Frozen Jacob ians  on L i f t  C o e f f i c i e n t  
L i f t  c o e f f i c i e n t  v s  t i m e  f o r  each of t h e  two f r o z e n  Jacob ian  c a s e s  which proved 
t o  be s t a b l e  are compared with t h e  s o l u t i o n  from upda t ing  e v e r y  t i m e  s t e p .  
t h r e e  s o l u t i o n s  used 1st o r d e r  t ime-accurate  a l g o r i t h m  and a t i m e  s t e p  s i z e  of 0.05. 
One cannot  d i s c e r n  a d i f f e r e n c e  i n  t h e  t h r e e  c u r v e s  shown below ( F i g u r e  11). 
A l l  
M=O ,755,  llns t eady  Alpha=2.5 I ,  Mean Alpha=O . 0 16,  k=O ,1628,  DT-0.05 
0 .  
0 .  
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F i g u r e  11 
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NACA0012 Unsteady Pressure Distributions 
25 Degrees 
A plot of pressure coeEficient along the body for the three cases at 25 degrees 
of oscillatory motion is shown below in Figure 12. This is the same flow condition 
described earlier, when the angle of attack is Increasing through 1.09 degrees and 
the shock speed is near a maximum as the shock on the lower surface collapses. Very 
little difference is noted in the three curves with the only perceivable difference 
being in the shock location similar to the results shown in Figure 7. 
M=0.755, Unsteady Alpha=2.51, Mean Alpha=0.'016,. k=O.  1628, 221x20 'C' 
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NACA0012 Unsteady P r e s s u r e  D i s t r i b u t i o n s  
70 Degrees 
A p l o t  of p r e s s u r e  c o e f f i c i e n t  a l o n g  t h e  body f o r  t h e  t h r e e  c a s e s  a t  70 degrees  
of o s c i l l a t o r y  motion is  shown below. 
i n c r e a s i n g  through 2.37 deg rees  and t h e  shock on t h e  upper s u r f a c e  i s  s t r e n g t h e n i n g  
and moving downstream. 
l a c a t i o n .  
t h e  shock ( F i g u r e  13). 
Th i s  c o n d i t i o n  i s  when a n g l e  of a t t a c k  i s  
Again, t h e  t h r e e  s o l u t i o n s  a r e  i d e n t i c a l  except  a t  t h e  shock 
Note t h a t  t he  n e v e r  updated Jacob ian  shows a s l i g h t  r i n g i n g  a c t i o n  near  
M=0.755, Unsteady Alpha=2.51, Mean Alpha=0.016, k 0 . 1 6 2 8 ,  221x20 ' C '  G r i d  
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NACA0012 Lift Coefficients 
A comparison of calculated lift coefficients with the experimental results of 
Landon (Reference 4) is given in Figure 14. The experimental results were given €or 
one cycle of motion and are duplicated through four cycles on the figure to compare 
to the calculations. Examination of experimental lift coefficient reveals a bias 
towards positive lift not consistent with the small mean angle of attack reported 
for the symmetric airfoil. A correction to the mean angle of attack was calculated 
to account for this bias. The following figures show calculations using both the 
nominal angle of attack of 0.016 degrees and thg 'corrected' angle of attack of 
0.375 degrees. The freestream Mach is 0.755, 'reduced frequency is 0.1628, and the 
unsteady angle of attack amplitude is 2.51 degrees. 
M=0.755, kz0.1628, UNSTEADY ALPHA=2.51 
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NACA0012 Moment Coefficients 
Moment coefficients do not compare with experiment as well as lift, particularly 
for the negative moments. 
comparison (Figure 15). 
The 'corrected' mean alpha of 0.375 did not improve the 
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NACA0012 Unsteady Pressure Distributions 
The comparison of calculated and experimental pressure distributions is shown in 
Figures 16 through 21. 
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NACA0012 UNSTEADY PRESSURE DISTRIBUTIONS 
k0.755, Unsteady Alpha=2.51, Mean Alphs=O.O16, k=0.1628, 221x20 'C' G r i d  
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NACA0012 UNSTEADY P R E S S U R E  DISTRIBUTIONS 
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NACA0012 UNSTEADY PRESSURE DISTRIBUTIONS 
M=0.755, Unsteady Alpha=2.51, Mean Alpha=O.O16. k=O.l628, 22lX20 'C' Grid 
-1 3 0  
I 
EXPERIMENT 
0 UPPER SURFACE 
Q LOWER SURFACE 
DTMIN=O.10, 2nd ORDER 
DTMIN=O.IO, 2nd ORDER, MEAN ALPHA=0.375 _ _ _ _ _ _ _  1 . oo  
233 
Rectangular  S u p e r c r i t i c a l  Wing 
E u l e r  c a l c u l a t i o n s  were performed t o  compare t o  t h e  expe r imen ta l  r e s u l t s  of 
R i c k e t t s ,  e t  a 1  (Reference 5). C a l c u l a t i o n s  a t  a h i g h e r  reduced frequency,  k = 
0,714, compare s i m i l a r l y  t o  those  p re sen ted  h e r e ,  k = 0.358. A t  h i g h e r  Mach 
numbers, however, t h e  comparison w a s  much poorer  due t o  m i s l o c a t i o n  of t he  shock by 
t h e  i n v i s c i d  E u l e r  code. The t i m e  s t e p  s i z e  used r e s u l t e d  i n  360 t i m e  s teps  p e r  
c y c l e  of motion f o r  t h e  k = 0.358 case.  Maximum Courant numbers near  500 occur red  
i n  t h e  v i c i n i t y  of t h e  wing t i p  f o r  t h i s  t i m e  s t e p  s i z e .  F o u r i e r  a n a l y s i s  of t h e  
t h i r d  c y c l e  of o s c i l l a t i o n  y i e l d e d  t h e  magnitude and phase of t h e  unsteady p r e s s u r e s  
shown,on subsequent  f i g u r e s .  The t h r e e  c y c l e s  of motion used 6357 seconds on a CRAY 
X-MP ( F i g u r e  22). 
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The wing calcularions were carried out on a grid broken into four blocks to 
obtain the solution using only 2.6 million words of memory. The entire grid has 
dimensions 101x25~27. Block I contains all points below the wing, Block I1 contains 
points wrapping around the wing tip, Block 111 contains all points above the wing, 
and Block IV contains all points downstream of the wing (Figure 23). The method used 
to obtain time-accurate solutions on blocked grids is described in Reference 6 .  
Motion of the wing is modelled by pitching the entire grid containing the wing as a 






Rectangular  Wing P r e s s u r e s  
a t  60% Semispan 
Steady p r e s s u r e s  compare f a i r l y  w e l l .  There i s  a s l i g h t  overshoot  a t  t h e  
l e a d i n g  edge and t h e  captured  shock is  a f t  of t h e  exper imenta l  l o c a t i o n  ( F i g u r e  2 4 ) .  
Unsteady p r e s s u r e  magnitude compares w e l l  except  t h a t  t h e  shock s p i k e  i s  downstream 
of t h e  exper imenta l  l o c a t i o n .  Unsteady p r e s s u r e  phase c a l c u l a t i o n s  show e x c e l l e n t  
agreement up t o  t h e  h i g h l y  cambered t r a i l i n g  edge where t h e  experiment and 
c a l c u l a t i o n  d i f f e r  s l i g h t l y  ( F i g u r e s  25 and 26). 
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R E C T A N G U L A R  S U P E R C R I T I C A L  W I N G  
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Figure 25 
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237 
Rectangular Wing Pressures 
at 95% Semispan 
Steady pressures shown in Figure 27 underexpand slightly in the leading edge 
region but follow the experimental results very closely thereafter. The peak in 
unsteady pressure magnitude shown in Figure 28 near the leading edge is likewise 
calculated to be smaller than experiment. 
excellent agreement. 
Phase results shown in Figure 29 are in 
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R E C T A N G U L A R  S U P E R C R I T I C A L  W I N G  
UNSTEADY PRESSURE DISTRIBUTIONS 
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CONCLUS 1 ONS 
0 TIME-ACCURACY CAN BE OBTAINED AT 
COURANT N U W R S  MUCH GHEATEH THAN ONE 
0 FOK THE CASE PRESENTED, FREEZING FLUX 
JACOBIANS HAD LIlTLE EFFECT ON TIME-ACCUKACY 
0 EULER CALCULATIONS O A H E  WELL WITH NACAOO12 
AND SUPERCRITlCAL WING W P E R I M W T  
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